This article presents frequency responses calculated using a three-dimensional finite-element model of the cat eardrum that includes damping. The damping is represented by both massproportional and stiffness-proportional terms. With light damping, the frequency responses of points on the eardrum away from the manubrium display numerous narrow minima and maxima, the frequencies and amplitudes of which are different for different positions on the eardrum. The frequency response on the manubrium is smoother than that on the eardrum away from the manubrium. Increasing the degree of damping smooths the frequency responses both on the manubrium and on the eardrum away from the manubrium. The overall displacement magnitudes are not significantly reduced even when the damping is heavy enough to smooth out all but the largest variations. Experimentally observed frequency responses of the cat eardrum are presented for comparison with the model results.
INTRODUCTION
Helmholtz ( ! 869) proposed a theory of eardrum behavior in which the peculiar curvature of the drum is important. B6k6sy (1941) made measurements of eardrum vibration patterns using a capacitive probe, and the results were inconsistent with Helmholtz' hypothesis. It now appeared that (at least below 2 kHz) the eardrum vibrated as a rigid body except for a small region around the periphery, and that the curvature was not particularly important. This view of eardrum behavior was predominant, in spite of some conflicting experimental observations (see review by Funnell and Lassie, 1982) , until a new set of vibration-pattern measuremerits were made by Khanna and Termdoff (1972) using laser holography. These new measurements disagreed with B6k6sy's measurements and demanded a new theory of eardrum function. As pointed out by Khanna and Tonndorf, their data were more consistent with Helmholtz' hypothesis than with B6k6sy's.
Most mathematical modeling of the eardrum has involved approximating it by only two distinct rigid regions, one of which is rigidly coupled to the ossicular chain (Onchi, 1949 (Onchi, , 1961 Zwislocki, 1957 Zwislocki, , 1962 M•!ler, 1961; Shaw, 1977) . Such models were consistent with B6k6sy's view of eardrum function; they continue to be interesting because of their simplicity. Early attempts to develop the theory of eardrum vibration in more detail (Frank, 1923; Esser, 1947;  Guelke and Keen, 1949; Gran, 1968) were seriously hampered by the mathematical complexity of the system. Recently a more successful analytical model has been derived using "small" parameters and asymptotic approximations ( 
Rabbitt and Holmes, 1986a,b).
A very powerful approach to the problem has been made possible by the availability of fast digital computers, and by the development of the finite-element method, which handles a complicated system by dividing it into a large number of relatively simple parts. This is a method of analysis that has been used in engineering for more than 20 years. It is very well suited to biological problems because its strong point is its ability to handle the complexities, nonuniformities, and irregularities that abound in living systems.
The first finite-element model of the eardrum was presented by Funnell and Laszlo (1978) ; it was a static threedimensional linear model for the cat. Inertial effects were added to the model and natural frequencies and mode shapes were calculated in a later paper (Funnell, 1983a) . The effects of damping were not included in either of those versions of the model.
This article presents a model to which damping has been added. The definition of the model and related computational issues are discussed in Sec. I. The definition of the model includes the representation of the geometry and structure of the eat eardrum and of its attachments to the malleus, and the mechanical parameters used. The computational issues include, among other things, the implementation of a uniform pressure stimulus, as opposed to the simpler but less realistic torque stimulus that was used in a preliminary study of the effects of damping (Funnell, 1983b 
A. Definition of the model
Except for the addition of the damping terms, the model used here is identical to the one used previously (Funnell, 1983a) . The material of the eardrum is modeled as uniform and isotropic, ignoring possible mechanical implications of the highly organized layered structure of the eardrum (Funnell and Laszlo, 1982; Rabbitt and Holmes, 1986a,b). Also ignored are thickness variations, inhomogeneities such as blood vessels, and so on. The part of the model corresponding to the pars tensa (see Fig. 1 ) has a thickness of40/zm, a Young's modulus of 200 X 108 dyn/cm 2, a Poisson's ratio of 0.3, and a density of 1 g/cm 3. The pars flaccida is modeled as being much less stiff than the pars tensa. The ligament separating the pars tensa from the pars raceida is the same material as the pars tensa but is 300/.tm thick. The drum's threedimensional curvature is expressed by a "normalized radius of curvature" of 1.19 (Funnell, 1983a ). The manubrium is constrained, by "slaving" its nodes to those on the axis of rotation, to be perfectly rigid. The ossicular load (including the effects of the malleus, incus and stapes, the middle-ear ligaments and muscles, and the cochlea) is an angular stiff- are not represented, so the model is equivalent to an experimental preparation with open bulla and a closed sound sys- Note that, because of the way the damping is implemented in this model, the same damping coefficients apply to the ossicular load as to the eardrum itself. The a term causes damping with the same frequency dependence as that represented by the constant resistive damping coefficient normally associated with the ossicles and cochlea in middle-ear models.
B. Finite-element program
As in the earlier papers, the SAP IV general-purpose finite-element package is used (Bathe et al., 1974), with the addition of a "master-slave" capability for slaving certain nodes to a master node (Funnell, 1983a ). The program is now being run on a VAX-11/750 computer (under the VMS operating system) rather than the PDP-11/70 used previously. This has dramatically speeded up the calculations. It also means that it has been possible to restore the use of double-precision (8-byte) floating-point arithmetic that had been removed in order to make the program fit on the PDP-11. It has been verified that the use of single-precision arithmetic did not cause large errors in previously reported results: for example, using dobble precision has increased the estimated lowest natural frequency by only about 2%, the second by 0.4%, and the rest by less.
C. Stimulus
In an earlier paper (Funnell, 1983b ), the damped model was driven with a step function of torque applied about the axis of rotation. This stimulus was particularly simple to implement since it could be represented as a load applied at a single location in the m.odel. However, the normal stimulus to the eardrum is an acoustic pressure acting over its surface, rather than a force at a single point. At low frequencies this pressure is uniform over the surface of the eardrum; at high frequencies the pressure is not uniform (Khanna and Stinson, 1985; Stinson, 1985) but the detailed pressure distribution is not known.
In this article the stimulus will be a step function of pressure applied uniformly over the surface of the drum. For the purposes of the finite-element software, this pressure must be translated into a set of forces normal to the surface:
where f is the three-dimensional force vector applied to a given node, p is the pressure, and the summation is over all of the elements attached to the given node. Here A is a vector normal to the element with a length proportional to the element area, calculated using a vector cross product: 
D. Direct time integration
The introduction of damping into the model means that one can no longer use the procedures of matrix inversion and eigenvalue extraction that were used for the static and natural-frequency calculations. The SAP IV program offers two alternative approaches to calculating damped responses: either superposition of the previously calculated undamped natural modes, or direct time-domain integration. The superposition method is computationally cheaper ifa reasonably small number of modes is adequate to represent the system response, but the fact that the natural frequencies of the eardrum model are very closely spaced means that a large number would have to be included. The direct-integration method is therefore better in the present application. In SAP IV, the integration is done using the Wilson 0 method, which is unconditionally stable. The method effectively low-pass filters the response, with the degree of filtering depending on the size of the time step used for the time-domain computations. The effects of changing the size of the time step will be discussed in Sec. I F below. Details of the implementation are given in the Appendix.
E. Frequency characteristics
The frequency response of a selected node is calculated by differentiating the step response to form an impulse response and then doing a Fourier transform. The differentiation is done using the forward difference equation damping ratio around 2 kI-Iz as found for/? = 10X 10 -6 s when at = 0. It can be seen in Fig. 6(a) that the shapes of the frequency responses around 2 kHz are indeed very much like those for/• = 10X 10 -6 s (Fig. 5, dashed lines) . At higher frequencies, however, the damping due to at is lighter than at low frequencies (as discussed in Sec. I A above), and the parts of the curves above 3 kHz in Fig. 6 (a) look more like the curves for the lower value of/• (Fig. 5, solid lines) . Increasing at [ Fig. 6 (b) and (c) the lowest natural frequency of the overall eardrum model; the significance of this coincidence is not clear. The frequency responses shown in this article depend mainly on the eardrum itself--reducing the ossieular stiffness from 28 to 10 kdyn-cm/rad, for example, just shifts the lowest peak downward by about 100 Hz, and has even less effect at higher frequencies. This is consistent with the earlier observation that neither doubling nor halving the parameters of the ossicular load has a very large effect on the undamped natural frequencies (Funnell, 1983a) . 
E. Torque versus pressure
In a preliminary analysis of the effects of damping (Funnell, 1983b) , the stimulus driving the eardrum model was a step of torque applied about the axis of rotation, rather than a step of pressure applied uniformly to the drum. For a comparison of the effects of these two different types of stimulus, Fig. 10 shows the frequency responses calculated with an applied torque, for the same points and model parameters as in Fig. 5 . For the torque stimulus the manubfial frequency response drops off more slowly at high frequencies, and the off-manubfium responses drop off more quickly, than for the pressure stimulus. The size of this difference might be interpreted as a measure of reduced drum-manubrium coupling at high frequencies.
The experimental use of a mechanical stimulus applied directly to the manubrium might be a way to avoid the uncertainties associated with the difficult-to-quantify nonuniformity of the acoustical stimulus. The torque stimulus simulated here is equivalent to a point force applied directly to the manubrium, at least under the assumption of a fixed axis of ossicular rotation.
III. CONCLUSIONS
The addition of the effects of damping to the finite-element model of the eardrum has permitted the simulation of dynamic forced responses for the first time. In particular, by applying step functions and then taking Fourier transforms it has been possible to compute frequency responses for the model.
The frequency responses for points on the eardrum away from the manubrium of the malleus tend to show sharp variations of amplitude as the frequency increases beyond about 2 kHz. These variations reflect the fact that the vibration pattern of the eardrum breaks up into complex patterns at high frequencies. For points on the manubrium, however, these variations are smoothed out. This is evidently the result of a sort of spatial integration over the eardrum, due to the fact that the manubrium is rigid and is coupled to the drum along its whole length. This elongated coupling, which in the cat extends over more than two thirds of the diameter of the drum, effectively averages out all but the largest local variations of response.
Increasing the degree of damping in the model reduces the amplitude variations in the frequency response, both on the manubrium and on the eardrum away from the manubrium. In fact, even a rather small amount of damping has a considerable smoothing effect. Even for a degree of damping that completely obliterates all but the very largest peaks and troughs, the overall level of the displacement amplitude is not noticeably decreased. This suggests that damping in the eardrum results in very little loss of the energy being delivered to the middle ear.
In spite of the complex vibration patterns on the eardrum, the overall transmission of energy to the middle ear has a smooth frequency characteristic. This cannot be just because of the nature of the ossieular lead, since the smoothing occurs even when there is no ossicular lead at all, as shown in Fig. 9 . The smoothing effects of both spatial integration and damping are very strong, due to the fact that the natural frequencies of the eardrum are very dosely spaced. This in turn is partially due to the asymmetrical form of the system. If the eardrum were more symmetrical, there would be a greater tendency for the natural vibration modes of different regions to reinforce each other--this would result in peaks and troughs in the frequency response which were less numerous, but larger and less easily extinguished.
Experimental which in general is too large to fit into high-speed memory. This turns out to be an extremely time-consuming operation under operating systems like VMS (or RSX on PDP-1 l's) which use file structures with variable-length records, since a BACKSPACE from record n to record n-1 implemented as a REWIND followed by n-1 RE^D'S. This inefficiency has been avoided under the VMS operating system by creating an array of file-record pointers extracted from the operating system's internal file descriptors, and then using the system routine SYSSFINU to locate any required record. The same thing is accomplished under the RSX operating system using the system routines .MARK and .POINT. This modification is critical to the use of the direct-integration mode of SAP IV under these two operating systems.
Note that it has also been necessary to add a stop/restart capability to SAP IV to permit long simulations to be run overnight, stopped in the morning, and then restarted the next night. This requires that the set of all nodal displacements, velocities, and accelerations be saved at the end of the run and then be read in again as starting conditions. 
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